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Abstract 

Modified teleparallel gravity theory with the torsion scalar have recently gained a lot of 
attention as a possible explanation of dark energy. We perform a thorough reconstruction 
analysis on the so-called F(T) models, where F(T) is some general function of the torsion 
term, and derive conditions for the equivalence between of F(T) models with purely kinetic 
k-essence. We present a new class models of 7 ? (T)-gravity and k-essence. We also proposed 
some new models of generalized gases and knot universes as well as some generalizations of 
F(T) gravity. 



Contents 

1 Introduction 

2 F(T) gravity 

2.1 Elements of F(T) gravity 

2.2 Particular models of F(T) gravity 



2.2.1 Example 1 

2.2.2 Example 2 

2.2.3 Example 3 

2.2.4 Example 4 



The M i3 - model 
The M 2 i - model 
The M 22 - model 
The M 25 - model 



K-essence 

3.1 Elements of k-essence .... 

3.2 Particular models of k-essence 



3.2.1 Example 1 

3.2.2 Example 2 

3.2.3 Example 3 



The M12 - model 
The Mi - model . 
The M 24 - model 



4 Equivalence between F(T)-gravity and k-essence 

4.1 General case 

4.1.1 Variant-I 

4.1.2 Variant-II 

4.2 Special case: = o + lna ±v ^ [jjj 

5 Conclusion 111 

6 Appendix A: Multiple k-essence [ll 



*Email: rmyrzakulov@gmail.com; rmyrzakulovOcsufresno.edu 



1 



7 Appendix B: Some models of modified gravity theories and k-essence 



11 



8 Appendix C: Modified gravity theories as the particular reductions of purely 
kinetic k-essence 

8.1 F(G) gravity 

8.1.1 Variant-I 

8.1.2 Variant-II 

8.2 F(R) gravity 

8.2.1 Variant-I 

8.2.2 Variant-II 

8.3 F(R, G) gravity 

9 Appendix D: Some generalized gas models 

10 Appendix E: Knot Universes from Bianchi type-I models 

10.1 The trefoil knot universe 

10.2 The figure-eight knot universe 

11 Appendix J: Some generalizations of F (T) gravity 

11.1 The M 35 - model 

11.2 The M 36 - model 

11.3 The M 37 - model 



1 Introduction 

The discovery of the accelerated expansion of the universe [T] has forced a profound shift in 
our cosmological paradigm. This discovery indicates that the universe is very nearly spatially 
fiat and consists of about 70% of dark energy (DE) which drives the cosmic acceleration. The 
equation of state (EoS) parameter w for DE should be w < —1/3 to maintain this acceleration. 
The modern constraints on the EoS parameter are around w = — 1. Here we can note that from 
the theoretical point of view there are three essentially different cases: w > — 1 (quintessence), 
w = — 1 (cosmological constant), and w < — 1 (phantom). The cosmological constant can explain 
the present accelerated expansion of the universe, for which w = — 1. Although, the cosmological 
constant is the simplest candidate for DE, but there are serious theoretical problems associated with 
it such as the fine-tuning problem, the coincidence problem and so on. To solve the cosmological 
constant problems, some scalar-field models (phantom fields, k-essence and so on) are proposed. 
These scalar-field models of inflation and dark energy correspond to a modification of the energy 
momentum tensor in Einstein equations. 

The other alternative approach dealing with the acceleration problem of the universe is chang- 
ing the gravity law through the modification of action of gravity by means of using F(R),F(G) 
and F(R,G) instead of the Einstcin-Hilbert action (see, e.g. recent reviews [2]-[13]). Here the 
Lagrangian density of modified gravity theories F is an arbitrary function of R, G or both R and 
G. The field equations of these modified gravity theories are 4th order that making it difficult to 
obtain both exact and numerical solutions. 

Recently, however, some models with the field equations of 2nd order [so-called i 7 '(r)-gravity] 
are proposed [H]-[IS]. These models based on the " teleparallel" equivalent of General Relativity 
(TEGR) [16]- [22], which, instead of using the curvature defined via the Levi-Civita connection, 
uses the Weitzenbock connection that has no curvature but only torsion. In [H]-[52], some models 
based on modified teleparallel gravity were presented as an alternative to inflationary models. The 
fact that the field equations of F(T) gravity are always 2nd order makes these theories simpler 
than the other modified gravity theories like F(R) or F(G). More recently, some properties of 
F(T) gravity were studied in [23]- [33]. It is clear that F(T) gravity presents a very rich behavior 
and deserves further investigation. 

The purpose of the present paper is to investigate some models of F(T) gravity as well as 
k-essence. Also we will study the equivalence of modified gravity theories with k-essence. 
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This paper is organized as follows. In the following section we review F(T) gravity and present 
some its models. In Sec. Ill we investigate some models of k-essence. The relation between F(T) 
gravity and k-essence is studied in Sec. IV. In the last section we will give some conclusions. 



2 F(T) gravity 

2.1 Elements of F(T) gravity 

The action of F(T) - gravity reads as (see, e.g. QI], [IS], [23]) 



S= I d A xe[^F{T) + L m ], (2.1) 



where T is the torsion scalar, e = det (e* ) = \J—g and L m stands for the matter Lagrangian. Here 
e 1 are the components of the vierbein vector held in a coordinate basis, that is = e^c^. Note 
that in the teleparallel gravity, the dynamical variable is the vierbein field e J 4(x M ). The variation 
of the action with respect to this vierbein field leads to the following gravitational equations of 
motion 

[e-%(eSn ~ e$T^]F T + Sf v {d^T)F TT + \^F = h 2 e^ p . (2.2) 
Here the torsion scalar T is given by 

T = S^TP U (2.3) 

with 



1 

2 

Here the contorsion tensor is defined as 



Sp i*» = (K^ p + 5%T e %-5;T e %). (2.4) 



p = -^(T^ p -T^ p -T p ^) (2.5) 



and the torsion tensor looks like 



r;A 1U X 



=r^ - IV= e*{d M ei - d v e p ). (2.6) 

The vierbein vector fields relate with the metric through 

9^{x) = ■q l] e l li (x)ei{x), (2.7) 

where ■ ej = rjij and rjij — diag(l, —1, — 1, —1). We now will assume a fiat homogeneous and 
isotropic FRW universe with the metric 

3 

ds 2 = -dt 2 + a(t) 2 ^(dx 1 ) 2 , (2.8) 
i=i 

where t is cosmic time. Then the modified Friedmann equations and the continuity equation read 
as (see, e.g. Q3, Q2>], [23]) 

-2TF T +F = 2k 2 p m , (2.9) 

- 8HTF TT + (2T - AH)F T — F = 2k 2 p m , (2.10) 

p m + 3H{p m +p m ) =0. (2.11) 

This set can be rewritten as 

- T - 2T/ T + / = 2k 2 p m , (2.12) 

- 8HTf TT + (2T - 4H)(1 + f T )-T-f = 2k 2 Pm , (2.13) 

p m + 3H(p m +p m ) = 0, (2.14) 

with the action 

S = J d A xe[^{T + f(T)) + L m ], (2.15) 
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where f = F — T. Some properties of F(T) - gravity were studied in [TS]-[33]- Note that we can 
rewrite the gravitational equations (2.9)-(2.10) as 

M-lF = 2k 2 p m , (2.16) 

M 2 F = -M3M1F = 2k 2 Pm , (2.17) 

MaPm = ~Pm, (2.18) 

where 

Mi = -2Td T + 1, (2.19) 

M 2 = -8HTd^ T + (2T - AH)d T - 1 = {AHd T - l)Mi = -(—d t + l)Mi = -M3M1, (2.20) 

M 3 = -^d t + 1. (2.21) 

Using these basic equations we can construct high hierarchy of F(T) gravity. For the case p m = 
p m = such hierarchy can be written as 

M?F n = 0, (2.22) 

where Fi = F. Some equations from this hierarchy for n = 1, 2, 3, ... are 

- 2TF 1T + Fi = 0, (2.23) 

4T 2 F 2T t + F 2 = 0, (2.24) 

— ST^F^xtt — 12T 2 F^xt — 2TF3T ~\- F% = 0, (2.25) 

and so on. From the system (2.16)-(2.18) follows that any solution of the equation (2.16) automat- 
ically solves the equations (2.17)-(2.18). It means that we need just to solve the equation (2.16), 
as that guarantees a solution to the equations (2.17) and (2.18). Finally we present the effective 
EoS parameter 

w eff = -1 - 3- 1 ff- 1 [ln(MiF)] t = -1 - 3- 1 [In (MiF)] N . (2.26) 
2.2 Particular models of F(T) gravity 

We note that some explicit models of F(T) gravity appeared in the literature (see, e.g. [13]. [15]. 
[23], [24], [27], [28], [31]). Here we would like to present some new models of modified teleparallcl 
gravity. 

2.2.1 Example 1: The M 13 - model 

Let us consider the M13 - model. Its Lagrangian is 

n 

F(T) = v j(t) Ti = V-m(t)T- m + ... + v-i{t)T- x + Uo(t) + vi(t)T + ... + v n {t)T n . (2.27) 

j—-m 

Consider the particular example when m = n = 1 and i/j = consts. Then 

F = v-iT^ 1 + v Q + v x T, F T = -V-iT~ 2 + i>i, F TT = 2v -{F^ . (2.28) 
Substituting these expressions into (2.9)-(2.10) we obtain 

3k- 2 H 2 = p eff + p m , (2.29) 

-k- 2 (2H + 3H 2 )=p eff + Pm , (2.30) 

where 

p eff = k- 2 [3H 2 - 1.5u-iT~ l + 0.5viT ~ 0.5u ], (2.31) 
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Peff = fc- 2 [6z/_ii?T- 2 + l.bu^T- 1 - 0.5z^T + 0.5i/ + 2(i/i - - 3i? 2 ]. (2.32) 

The effective EoS parameter is given by 

_ Peff _ &V-1HT- 2 + 1.5^-ir- 1 - 0.5^iT + 0.5i/ + 2(^ - l)H - 3H 2 
Weff p e f f 3H 2 - 1.5^-iT- 1 + 0.5vxT - 0.5z/ ' 

Let us set v\ = \. Then 

p e// = fc- 2 [-1.5i/_iT _1 - 0.5^o], p e // = k- 2 [Qv^HT- 2 + l.hv^T' 1 + 0.5f ] (2.34) 

and 

_ p e// _ Qv^HT' 2 + L51/-1T- 1 + 0.5^0 _ 6i/-igT~ 2 
We// p e// -I.51/-1T- 1 - 0.5^o 1.5I/-1T- 1 + 0.5i/ ' ' 

respectively. 

2.2.2 Example 2: The M 2 i - model 

Our next example is the M 2 i - model 

F = T + aT s In T. (2.36) 

Then 

F T = 1 + aST 5 ' 1 InT + aT 6 ' 1 , F TT = a5(5 - 1)T 5 " 2 InT + a{26 - 1)T 5 " 2 . (2.37) 
In this case, Eqs.(2.9)-(2.10) take the form 

—T - 2aT s - a(26 - 1)T S InT = 2fc 2 p TO , (2.38) 

a(25- 1){T - ASH)^- 1 InT + T - 4H + 2aT s - AaH{A8 - l)^" 1 = 2k 2 p m . (2.39) 
So we have 

p eff = 0.5k~ 2 [2aT 5 + a(2S - l)T s lnT], (2.40) 

p eff = —0.5k~ 2 aT s ~ 1 [(25 — 1)(T — 4<5iT) InT + 2T - 4(4(5 - 1)H]. (2.41) 

The special case 5 = 0.5 deserves separate consideration. In this case the above equations take the 
more simple form 

-T - 2aT 05 = 2k 2 p m , T -4H + 2aT 5 -4aHT-° 5 = 2k 2 Pm . (2.42) 
For the density of energy and pressure we get the following expressions 

Peff = k- 2 aT - 5 , p eS f = -k- 2 aT-°- 5 (T - 2H). (2.43) 

2.2.3 Example 3: The M 22 - model 

Now we consider the M 22 - model 

F = T + f(y), y = tanh[T]. (2.44) 

Then 

F T = l + f y (l-y 2 ), F TT = f yy (l - y 2 ) 2 - 2y(l - y 2 )f y (2.45) 
so that Eqs.(2.9)-(2.10) take the form 

-T-2(l-y 2 )Tf y + f = 2k 2 p m , (2.46) 
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T — AH — 8(1 — y 2 ) 2 THf yy + {WyHT + 2T - AH)(1 - y 2 )f y - / = 2k 2 Pm . (2.47) 
So we have 

Peff = 0.5fc- 2 [2(l - y 2 )T/, - /], (2.48) 

Peff = 0.5£T 2 [8(1 - y 2 ) 2 THf yy - (16yHT + 2T - 4ff)(l - y 2 )/ y + /]. (2.49) 
The EoS parameter reads as 

(1 - y 2 ) 2 THf vy - (WyHT + 2T- AH)(1 - y 2 )f y + f _ 



W eff 



2(1 - y*)Tf v - f 



8(1 -y 2 ) 2 THfy y - (WyHT -AH)(l-y 2 )f y + f 
2(1 -y*)Tf y -f 



(2.50) 



2.2.4 Example 4: The M 25 - model 

In this subsubsection we consider the M25 - model 

TO 
—771 

where £ = InT. As an example we consider the case m = n = 1, Vj = consts that is 

F = is-iC 1 +vo + "it- (2-52) 

Then 

F e = -,_ 1 f 2 + , 1 , F a =2v_ 1 C 3 (2.53) 

and 

F T = (-is-iC 2 + vi)e~^ F TT = ^v-iC 3 + v-iC 2 - vi)e~ 2i ■ (2-54) 
For this case, Eqs.(2.9)-(2.10) read as 

2v-!C 2 + f-if 1 + Vq - 1v\ + vxi = 2k 2 p m , (2.55) 

- AH(Au^C 3 + v-iC 2 - vx)e~^ - 2v^C' 2 - V-\C X + 2fi -vq- Vi£ = 2k 2 Pm . (2.56) 

3 K-essence 

3.1 Elements of k-essence 

The action of k-essence has the form [54]-[31]] 

S = J d 4 xV^g[^R + K(X,cf > ) + L m }. (3.1) 

The corresponding closed set of equations for the FRW metric (2.8) reads as 

3k~ 2 H 2 = 2XK X - K + p m , (3.2) 

-k- 2 (2H + 3H 2 ) = K + p m , (3.3) 

(K x + 2XKxx)X + 6HXKx-K 4> = 0, (3.4) 

p' m + 3H(p m + p m ) = 0, (3.5) 
where X = — 0.5</> 2 . The equation of motion of the scalar field <f> is given as 

- (a 3 <j>K x )t = a 3 K^ (3.6) 

which is just the other form of the equation (3.4). In the purely kinetic k-essence case we have 
= and from the last equation we get (see, e.g. [37]) 



a 3 ^K x = a 3 V-2XK x = y/n = const. (3.7) 
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3.2 Particular models of k-essence 

As examples in this subsection we would like to present some new types of k-essence. We believe 
that all of them can give rise to cosmic acceleration. 

3.2.1 Example 1: The M i2 - model 

Let us consider the Mi 2 - model with the following Lagrangian 

K = v- m {N)N- m + ... + v^N)^ 1 + vq(N) + Vi(N)N + ... + v n (N)N n , (3.8) 

where in general Vj = Vj(<f>) = Vj(N) and N = In (aa^ 1 ). As an example, we study the case 
m = 0, n = 2, Uj = const. In this case, the Mi 2 - model becomes 

K = v {) + viN + v 2 N 2 . (3.9) 

To find Vj and X we look for H for example as 

H = f i + fi 1 N, (3.10) 

where fij — consts [in general [ij = \ij (t)] . Of course 

a = a e N . (3.11) 

Finally, we obtain the following parametric form of the Mi 2 - model (parametric purely kinetic 
k-essence) 

K = -(2 M0 Mi + 3^o) - 2^1 (Mi + 3mo)^V - SufN 2 , (3.12) 

X = k- 1 a 6 ul{u a +i2 1 N) 2 e 6N . (3.13) 

3.2.2 Example 2: The Mi - model 

Our next example is the Mi - model. Its Lagrangian looks like 

K = v_ m (t)t~ m + ... + v-iify- 1 + vo(t) + vi{t)t + ... + v n (t)t n , (3.14) 

where in general Vj — Vj{4>) = Vj(t). Let us explore this model for the case: m — 0,n = 2 and 
Vj = consts. In this case the Mi - model takes the form 

K = v Q + v 1 t + v 2 t 2 . (3.15) 

To find Vj and X we look for H , e.g. as 

H = n + n 1 t (3.16) 

so that 

a = a e^ t+0 - 5 ^ t2 , (3.17) 

where (ij — consts [in general Uj = fJ,j(t)]. After some calculations we obtain the following explicit 
form of the k-essence Lagrangian 

K = -(2/xi + 3n 2 ) - 6yu Mi* - 3n 2 t 2 . (3.18) 

At the same time, we have 

2XK X = 3H 2 + K = -2H= -2a x . (3.19) 
For X we get the following expression 

X = 7j 1 e 6 " * +3 '' 1 * 2 ) 7 2 _1 = n^alfil (3.20) 
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Hence follows that 

t=^-[-3fi ±J9^ + 3iJL 1 \n(j 2 X)]. (3.21) 

Finally, we come to the following M23 - model 

K = -2m - 3nl - m ln[ 72 X] = v + u 1 InX. (3.22) 
[We recall that in general the M 2 3-model reads as 

K = V- m {t)C m + + v-iWC 1 + uo(t) + vi(t)C + - + v n {t)C (3-23) 
where £ = InX.] 

3.2.3 Example 3: The M 24 - model 

Here we present the following M 2 4 - model 

_ 2m\a 2 (-2(3v + Xv 2 + X)(l-v 2 ) _ _ m\a(l - v 2 ) 2 
* ~ (P - \vf 6[n fi-\v J ' ^ J 

X = j 3 (2/3v - Xv 2 - A) 2 (l - v 2 f{(5 - Aw) 6 " 1 - 4 , (3.25) 

where 73 = K~ 1 a 6 m 2 X 2 a 6 , v = tanh[ert] and \,a,a, (3,n,m are some constants. Solving the 
equation (3.3) we obtain 

H = n _^fl (3 , 6) 

and hence for the scale factor we get the following formula 

a = a[p-\v] m e nt . (3.27) 

Note that 

• mXo 2 {2Pv-\v 2 -\){l-v 2 ) 

H= W^v? ■ ( } 

4 Equivalence between F(T)-gravity and k-essence 

In this section, our goal is to study the relation between modified teleparallel gravity and purely 
kinetic k-essence. In Appendix C, we will consider this relation in the context with the other 
modified gravity theories. 

4.1 General case 
4.1.1 Variant-I 

Consider the transformation 

K = 8HTf TT - 2(T - 2H)f T + f, (4.1) 

X = K^k-^iH + 0.5k 2 { Pm + Pm )} 2 , (4.2) 
where T = -6H 2 . Then Eqs.(2.12)-(2.14) take the form 

= -3k- 2 H 2 + 2XK x -K + Pm , (4.3) 

= k- 2 (2H + 3H 2 )+K+ Pm , (4.4) 
{Kx + 2XK xx )X + 6HXKx = 1 (4.5) 
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Pm + 3H( Pm + Pm ) = 0. (4.6) 

These are the equations of motion of purely kinetic k-essence. This result shows that modified 
teleparallel gravity and purely kinetic k-essence is equivalent to each other, at least in the equation's 
level. This equivalence allows us to construct a new class of purely kinetic k-essence models starting 
from some models of modified teleparallel gravity. Let us demonstrate it for the following modified 
teleparallel gravity model: f{T) — aT n [3] -[15]. In this case, we have 

f T = anT"- 1 , j TT = an(n - l)T n - 2 . (4.7) 

Substituting these expressions into the equations (4.1)-(4.2) we get 

K = 8an(n - \)HT n ~ x - 2an(T - 2H)T n ~ 1 + aT n , (4.8) 

X = K- x k- A a 6 [H + 0.5k 2 {p m + p m )} 2 . (4.9) 

i) Let a = a^e 9 ^' so that H = g.H = g. In this case, K and X take the form 

K = 8an{n - l)g{-&) n - 1 g 2 ^- 1 ^ - 2an(-6g 2 - 2g)(-6) n - 1 g 2 ^- 1) + a(~6) n g 2n , (4.10) 

X = n^k-^cfg 2 . (4.11) 
Now if we consider the simplest case g = t (that means g = 1, 'g = 0), then we get 

K = -2cm(-6) n + a(-6) n = (1 - 2n)a(-6) n , (4.12) 

X = 0. (4.13) 

ii) The more non-trivial model we get, if we consider the example a = aot m . In this case 
H = mt- l ,H = -mt- 2 , T = so that K and X take the form 

K = 8an(n l)H(^T^ - 2an(^- 2H)(^)- 1 + a(=^)», (4.14) 

X = K-^k^atmH 6 ™- 4 (4.15) 

or 

K = 2am(-6m 2 ) n ~ 1 [-4n(n - 1) + 2n(l - 3m) + 3m}t~ 2n , (4.16) 

X = K - 1 fc- 4 a^m 2 t 6m - 4 = 7 5 - 1 t 6ro - 4 . (4.17) 

Since t — (75X) 6 ™- 4 finally we get the following purely kinetic k-essence model 

K = 2am(-6m 2 ) n ~ 1 [-4n(n - 1) + 2n(l - 3m) + 3m](7 5 X)^r. (4.18) 

4.1.2 Variant-II 

Let us rewrite Eqs.(2.12)-(2.14) as 

3k- 2 H 2 = Peff +p m , (4.19) 

-k- 2 (2H + 3H 2 = Peff + Pm , (4.20) 

p m + 3H(p m +p m ) =0, (4.21) 

where 

Peff = 2Tf T -f, p eff =8HTf TT -2(T-2H)f T + f. (4.22) 
We now introduce two functions K and X as 

4H 2 (2Tf T T + fr) 2 

K = 8HTf TT ~2(T~2H)f T + /, X = i — R ■ (4-23) 

KCI b 

Clearly that these two functions K and X obey the system of the equations (4.3)-(4.6). 
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4.2 Special case: <p — </>o + lna ±v/T ^ 
One of the interesting special cases is when: 

<j) = <j) {) + \na ±VV1 . (4.24) 



It deserves separate investigation. In fact for this case <p = ±>/l2.ff so that X = — O.50 2 = —6H 2 = 
T. Then the corresponding continuity equation is 

kh - 2 /tt) + 3/?Wt = (4.25) 

or equivalently, in terms of T, 

(/ T + 2Tf TT )T + (SHTf T = 0, (4.26) 

where p' — 2TJt — f, p' = f and p' + 3H(p' + p') = 0. Now let us split the equation (2.13) into 
two equations as 

AHTJtt - (T - 2H)f T = (4.27) 

and 

-4H + T- f = 2k 2 p m . (4.28) 

Eq.(4.27) satisfies automatically since it is just the another form of the continuity equation (4.26). 
So finally the system of equations of F(T) - gravity takes the form 

-T - 2Tf T + f = 2k 2 Pm , (4.29) 
-4H + T- f = 2k 2 Pm , (4.30) 
(/ T + 2Tf TT )f + 6HTf T = 0, (4.31) 

p m + 3H(p m +p m ) =0. (4.32) 

It transforms to the equations (4.3)-(4.6) after the identifications T = X = —6H 2 and / = 2k 2 K. 
So we can conclude that for the special case (4.24) both F(T) - gravity anf purely kinetic k-essence 
are equivalent to each other at least in the equation's level. Some comments on the continuity 
equation (4.25) [=(4.26)=(4.27)]. It has two integrals of motion (I jT = 0): 

h - a -VT°- 5 /T, h = f- a^fTd^ia^T- 5 ). (4.33) 

Its general solution is given by 

/ = C* 2 + idcftd^ia^T- - 6 ), Cj = const. (4.34) 

Finally we would like to present the exact solution both F(T)-gravity and purely kinetic k-essence. 
As an example let us consider ACDM for which gT 3 = - j^(T + 2 A) = - ^{X + 2 A) so that 

f = f(X) = f(T) =C 2 - — !— ^(T 1 - 5 + 6AT - 5 ) = C 2 - ^^(X 1 - 5 + 6AA ' 5 ), (4.35) 

3p 3po 

which is the M 32 - model. It is the exact solution of the equations of motion of purely kinetic 
k-essence and F(T) - gravity simultaneously. 
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5 Conclusion 



In this work we investigated the recently developed F(T) gravity, which is a new modified gravity 
capable of accounting for the present cosmic accelerating expansion with no need of dark energy. 
F(T) gravity as the modified teleparallel gravity is the extension of the " teleparallel" equivalent 
of General Gravity (TEGR) , which uses the zero curvature Weitzenbock connection instead of the 
torsionless Levi-Civita connection, in the same lines as F(R) gravity is the extension of standard 
General Gravity. In particular, we presented some new models of F(T) gravity. We analyze the 
relation between F(T) gravity and k-essence. We also studied some new models of k-essence namely 
some parametric models of purely kinetic k-essence. 

6 Appendix A: Multiple k-essence 

For the multiple k-essence the action reads as 

S = J d 4 x^[^R + K(X 1 ,X 2 ,...,X n , 0i,0 2 ,..., 4> n ) + L m ]. (6.1) 
The corresponding closed set of equations reads as 

n 

3k- 2 H 2 = 2j2x ] K X] -K + p m , (6.2) 

3=1 

- k- 2 {2H + 3H 2 ) = K + Pm , (6.3) 

(K Xj + 2X j K XjXj )Xj + 6HXjK Xj - = 0, (6.4) 

p' m + 3H(p rn + p m ) = 0, (6.5) 

• 2 

where Xj = — Q.5(f)j . The k-essence energy density and pressure respectively, given by 

p 3 = 2XjK X] - K, pj = wjpj. (6.6) 

The equations of motion of the scalar fields <fij are given as 

-(a 3 4>jK Xj ) t =a 3 K^. (6.7) 

Note that the case K = '}Z" =1 Kj(Xj. <p,j) (mutually non-interacting scalar fields) was investigated 
in [38]. 

7 Appendix B: Some models of modified gravity theories 
and k-essence 

In this Appendix B, we present some models of modified gravity theories and k-essence [N = 
In a, R = 6(H + 2H 2 ), G = 2AH 2 (H + H 2 ), T — -6H 2 , r) = J a~ l dt = J H^a^da, £ = 
InT, C = 1nX, <; = lnR, d = \nG]. 

1) The Mi - model. Its Lagrangian has the form 

F = K= J2 "AW- (7-1) 

j=— m 

2) The M2 - model. The corresponding Lagrangian reads as 

71 

F = K= (7-2) 
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3) The M 3 - model. It corresponds to the Lagrangian 

n 

F = K= fj(t)tanh[ji]. (7.3) 

j=-m 

4) The M 4 - model. The Lagrangian of this model is given by 

n 

F = K= ^(*)tanh[ip. (7.4) 

j=-m 

5) The M 5 - model. The Lagrangian is given by 

n 

F = K= J2 "j(t)KMh[t] j . (7.5) 

j=-m 

6) The M 6 - model. It reads as 

n 

K = J2 «*,-(*) tan[t]'. (7.6) 

j=-m 

7) The M 7 - model. It reads as 

n 

F = K= "Moos®*. (7.7) 

j=-m 

8) The M 8 - model. It reads as 

n 

F = K= Y Vj(t)cosh\ji\. (7.8) 

j=-m 

9) The M 9 - model. The corresponding Lagrangian reads as 

n 

K = Mt)t j e jt - (7-9) 

j=-m 

10) The Mio - model. The corresponding Lagrangian reads as 

n 

F = K= (7.10) 

j=-m 

11) The Mn - model. The corresponding Lagrangian reads as 

n 

F = K= (7-11) 

j=-m 

12) The M12 - model. The corresponding Lagrangian reads as 

n 

F = K= Y (7-12) 

j=-m 

13) The M13 - model. The corresponding Lagrangian reads as 

n 

F = K= Y (7-13) 
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14) The M14 - model. The corresponding Lagrangian reads as 

n 

F = K= »j(t)G j - (7.14) 

j=-m 

15) The M15 - model. The corresponding Lagrangian reads as 

n 

F = K= (7-15) 

j=-m 

16) The Mie - model. The corresponding Lagrangian reads as 

F = K = Y^ Vij{t)R l G 3 . (7.16) 

17) The M17 - model. The corresponding Lagrangian reads as 

F = K = Y^ Vij{t)ICTi. (7.17) 

18) The Mis - model. The corresponding Lagrangian reads as 

F = K = J2 v ij {t)T i (P. (7.18) 

i,3 

19) The M19 - model. The corresponding Lagrangian reads as 

n 

F = K= "At)* N - (7-19) 

j=-m 

20) The M 2 o-model. The corresponding Lagrangian reads as 

n 

F = K= ]T Vj {t)rf. (7.20) 

j=-m 

21) The Mai-model [see e.g. (2.33)]. 

22) The M 22 -model [see e.g. (2.41)]. 

23) The M 23 -model (see e.g. (3.23)]. 

24) The M 24 -model [see e.g. (3.24)]. 

25) The M 25 -model [see e.g. (2.48)]. 

26) The M 26 -model. The corresponding Lagrangian reads as 

n 

F = K= "AW- (7-21) 

j=-m 

27) The M 27 - model. The corresponding Lagrangian reads as 

n 

F = K= "WW- (7-22) 

j=-m 

28) The M 28 - model. The corresponding Lagrangian reads as 

n 

F = K= (7-23) 

j=-m 

29) The M 29 - model. The corresponding Lagrangian reads as 

n 

F = K= J2 Vj(t){t<mh[ri]) j . (7.24) 

j=-m 
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30) The M30 - model. The corresponding Lagrangian reads as 

n 

K= J2 »i(t)(Ht)) j - (7-25) 

i=— m 

31) The M31 - model. The corresponding Lagrangian reads as 

n 

K= "i(t) (caW'. (7.26) 
j=—m 

32) The M32 - model. The corresponding Lagrangian reads as 

n 

K = v ^ xi - ( 7 - 27 ) 

j = -m 

8 Appendix C: Modified gravity theories as the particular 
reductions of purely kinetic k-essence 

In this Appendix, we show that some important modified gravity theories, namely, F(G),F(R) 
and F(T) can written as the particular reductions of purely kinetic k-essence. 

8.1 F(G) gravity 
8.1.1 Variant-I 

Let us consider the following transformation (see, e.g. [3]- [13]) 

K = 8H 2 f G + 16H(H + H 2 )j G + f- Gfc, 

X = K^k^a^H + 0.5k 2 { Pm +p m )] 2 . 
Substituting these expressions e.g. into Eqs.(4.3)-(4.6) we get 

= -3k- 2 H 2 + Gf G - / - 2AGH 3 f GG + p m , 

= 8H 2 f G + 16H(H + H 2 )f G + k- 2 {2H + 3H 2 ) + f - Gf G + p m , 

p' m + 3H(p m +p m ) = 0, 

where 



G = 24H 2 (H + H 2 ). 
It is the system of the equations of motion of F(G) -gravity with the action 



S = J d±xV^[^R + f(G) + L m }. 



Now let us consider the particular case when K = /, X = G. Then instead of Eqs.(8.3)- 
we obtain the following system 



8.1) 
8.2) 

8.3) 

8.4) 
8.5) 

8.6) 

8.7) 
8.5) 



= -3k- 2 H 2 + 2Gf G -f + Pmi 

= k- 2 (2H + 3H 2 ) + f+ Pm , (8.9) 

(f G + 2Gf GG )G + 6HGf G = 0, (8.10) 

p m + 3H(p m +p m ) = (8.11) 

and 

Gf G + 24GH 3 f GG = 0, (8.12) 

= 8H 2 f G + 16H{H + H 2 )f G -Gf G , (8.13) 
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K^k^a^H + 0.5k 2 { Pm + Pm )Y = 2AH 2 {H + H ). (8.14) 

Let's make two steps back that is let's simplify a problem: 1) we want reduce the problem to 
the case p m = p m = 0; 2) we want illustrate our results on the pedagogical example: f(G) = aG n . 
As result, the k- fields take the more simple form 

K = a{n - l)G n - 3 {8nH 2 [(n - 2)6 + GG] + 16nH{H + H 2 )GG - G 3 }, (8.15) 

X = n^k-^cPH 2 , (8.16) 



cj) = ±iV2n- 1 k- 2 d^ 1 {a 3 H). (8.17) 

Here we want to construct two examples of induced purely kinetic k-essence models: one is in the 
standard "canonical" form that means in the form K = K(X) and another in the parametric form 
that means in the form K = K(t), X = X(t) (t plays the role of the parameter), 
i) Let a = (3t n . Then the corresponding purely kinetic k-essence reads as 

K = K{X) = 16an 9 {n - 1) 3 [(113 - 33n)n 3 {n - 1)(— )*3sr - 8(n - 2)( — )*H*]. (8.18) 

7 7 



Such model we call the "canonical" k-essence model. Note that for this case 



Sn — 1 



.19) 



ii) Now we want to present the parametric k-essence model. To do it, let us consider an example: 
H = At™. In this case the purely kinetic k-essence equivalent counterpart of the corresponding 
F(G)-model is given by 

K = K{t) = 2A n - 3 a\ 3{n - 3) (n - l)t( 3m - 1 )("- 8 )[m + Af"^ 1 ]™- 3 ^ + K 2 ], (8.20) 

X = X(t) = K - 1 fc- 4 a^ 2 A 2 t 2 ( m - 1 ) e [^r* m+1 ], (8.21) 

where 

K x = 192nm(n ~ 2)X 5 t 5m - 2 [3m - 1 + 4Af" +1 ] + 

+ 4608nmA 8 t 8m - 4 [m + Ai m+1 ][(3m - l)(3m - 2) + 4(4m - l)At m+1 ], (8.22) 

K 2 = 92l6nmX 8 t Srn - 4 [m + t][m+ \t m+1 ] [3m - 1 + 4Af™ +1 ] - 13824A 9 t 9m " 3 [m + \t m+1 ] 3 . (8.23) 
Such model we call the parametric k-essence model. 

8.1.2 Variant-II 

We now introduce two functions K and X as 

K = 8H 2 f G+ WH(H+H 2 )f G+ f-Gf G , X = ± 16H{H ± ^J G 2 ^H 3 ] GG 

Ana ° 

where f(G) obeys the system (8.3)-(8.5). Then these functions solve the system of the equations 
of motion of purely kinetic k-essence (4.3)-(4.6). 

8.2 F(R) gravity 
8.2.1 Variant-I 

In this subsection we consider the following transformation (see, e.g. [3]- |13| ) 

K = 2[f R + 2Hf R + 0.5/ - (H + 3H 2 )f R ], (8.25) 

X = K- x k- 4 a 6 [H + 0.5k 2 ( Pm + Pm )} 2 , (8.26) 

where 

R = 6(H + 2H 2 ). (8.27) 
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The substitution (8.25)-(8.26) into Eqs.(4.3)-(4.6) gives 

= -3k- 2 H 2 - 6HRf RR + 6(H + H 2 )f R -f + p m , (8.28) 

= 2[f R + 2Hf R + 0.5/ — (H + 3H 2 )f R ] + k- 2 (2H + 3H 2 )+ Pmi (8.29) 

p m + 3H(p m +p m )=0. (8.30) 
It is the equations of F(R) -gravity. The corresponding action is 

S = J d A x^—g[^R + f(R) + L m ] . (8.31) 

Now let us consider the particular case when K = f, X = R. The corresponding continuity 



equation is (f R + 2Rf RR )R + 6HRf R = 0. Then instead Eqs.(8.28)-(8.30) we obtain the system 


0= -3k- 2 H 2 + 2Rf R -f + Pm , 


(8.32) 


= k- 2 (2H + 3H 2 ) + f+p m , 


(8.33) 


Ur + 2Rf RR )R + 6HRf R = 0, 


(8.34) 


p m + 3H(p m +p m ) = 


(8.35) 


and 

= —6HRf RR + 6(H + H 2 )f R - 2Rf R , 


(8.36) 


= f R + 2Hf R -(H + 3H 2 )f R , 


(8.37) 


K-^aPiH + 0.5k 2 ( Pm + Pm )] 2 = 6(H + 2H 2 ). 


(8.38) 


Let us construct an example of the purely kinetic k-essence model induced by F(R) - gravity. Let's 
simplify a problem: we assume that p m = p m — and f(R) = aR n . As result, the k-essence 
Lagrangian takes the form 


K = 2aR n - 3 [n(n - l)(n - 2)R 2 + n(n - 1)RR + 2n(n - 1)HRR + 0.5R 3 - n{H + 3H 2 )R 2 } 


. (8.39) 


Here 

X = n^k^a 6 !! 2 , 4> = ±i\/2K- 1 k- 2 df 1 (a 3 H). 


(8.40) 


Now we construct the model for the case a — fit 1 . Then the corresponding purely kinetic 
k-essence reads as 

K = K(X)=sX^, (8.41) 


where 




q = 72al(2l - l) n - 1 (60 n_3 [2in(n - l)(2n - 21 - 1) + 3(2/ - 1) - nl 2 (3l - 1) 2 ] 7 ^. 


(8.42) 


Note that X and <j> are given by 




x-^ l -\ ^ = o + ^^-i, 7 = «-ijfc-y»i». 


(8.43) 


Similarly we can construct a new class k-essence models induced by modified gravity theories. 
These new k-essence models give the equivalent descriptions of dark energy/matter. 


8.2.2 Variant-II 




If we introduce the following two functions K and X 




K = 2[f R + 2Hf R + 0.5f (H + 3H 2 )f R ], x= ^ + 2Hf R ]-WRf RR + AHf R ^ 


(8.44) 


then they satisfy the equations (4.3)- (4.6). 
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8.3 F{R, G) gravity 

The action of F(R, G) - gravity is given (see, e.g. [3]- [13]) 

S = J d A xJ—g[^F{R, G) + L m ] . (8.45) 

The corresponding system of equations is given by 

3k- 2 H 2 = Peff , (8.46) 

-k- 2 (2H + 3H 2 )= Peff , (8.47) 

p eff + 3H(p eff + Peff ) = 0, (8.48) 

Pm + 3H{ Pm + Pm ) = 0. (8.49) 



Here 



Peff = ^{pm + 0.5k- 2 [RF R -F- 6HF R + GF G - 2AH 3 F G ]}, (8.50) 
Ir 



1 



Peff = —{p m + 0-5k- 2 [~RF R + F + 4HF R + 2F R -GF G + 16H(H + H 2 )F G + 8H 2 F G }}. (8.51) 
Ir 

Let us consider the following transformation 

K = ^r{p m + Q.5k- 2 [-RF R + F + 4HF R + 2F RR - GF G + 16H(H + H 2 )F G + 8H 2 F G }}, (8.52) 
Ir. 

X = 0.25K- 1 a e F- 1 {p m + Pm + k- 2 [F R - HF R + AH{2H - H 2 )F G + 4H 2 F G ]}. (8.53) 

After this transformation, Eqs.(8.46)-(8.49) take the form (4.3)-(4.6). It is the system of equations 
of purely kinetic k-essence. So in this sense, both F(R, G) - gravity and purely kinetic k-essence 
is equivalent to each other. Hence follow the results of the previous two subsections. In fact F(G) 
and F(R) are the particular reductions of F(R, G) e.g. as: F(R) = F(R, 0) and F(G) = F(0, G). 



9 Appendix D: Some generalized gas models 

One of interesting class of gas/fluid models is models induced by elliptic functions (see also 
Refs.[35]-[15]). Here some of such models [Below, a(p) is the Weiertrastrass a(x) - function, £(x) 
is the Weiertrastrass C(x) - function, am(x) is the Jacobi amplitude (am(x)) function and so on]. 
Table 1. 



MG - I model 


h = at) 


MG - II model 


a = at) 


MG - III model 


H = a(t) 


MG - IV model 


a = a{t) 


MG ~ V model 


H = cn't 


MG - VI model 


H = sn'< 


MG - VII model 


H = dn'f 


MG - VIII model 


H = cut 


MG - IX model 


H = snt 


MG - X model 


H = dnt 



(9.1) 



Table 2. 



MG - XI model 


p = ~B[a P )] a 


MG - XII model 


H = p(t) 


MG - XIII model 


h = P (ty 


MG - XIV model 


H = p{t)» 


MG - XV model 


H = p{t)"> 


MG - XVI model 


H = p{ty v 


MG - XVII model 


a (t) = p(t) 


MG - XVIII model 


a = p(ty 


MG - XIX model 


a = p(t)" 


MG - XX model 


a = p(t)>" 



(9.2) 
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Table 3. 



MG - XXI model 


p = -B\p(p)}°- b 


MG - XXII model 


V = -B\p(p)}°- ba 


MG - XXIII model 


p = Ap - B\p(p)] {> - ba 


MG - XXIV model 


p = Aa(p) - B\a(p)]- a 


MG - XXV model 




MG - XXVI model 


p = AMp)}-"-* - BlpipW^ 01 

tr Li) \r/i 10 \r ! J 


MG - XXVII model 


p = A\am(p)] — B\a7n(p)]~ a 


MG - XXVIII model 


P = A v(p) 


MG - XXIX model 


p = -B[a(p)]- a 


MG - XXX model 


P ~ C(p) 


MG - XXXI model 


p = A[am(p)] 


MG - XXXII model 


p = —B[am(p)]~ a 



(9.3) 



10 Appendix E: Knot Universes from Bianchi type-I models 

Our aim in this Appendix is to present some simplest examples of knot universes for the Bianchi 
type - I model. The corresponding metric reads as 



ds 2 = -dt 2 + A 2 dx\ + B 2 dx\ 



C 2 dx\, 



(10.1) 



where we assume that i, Xi, A, B, C are dimensionless and A, B, C are functions of t alone. For the 
metric (10.1) it is well-known that the field equations take the form 



AB 


BC 


CA 


AB + 


~BC 


f CA 


B 


C 


BC 


B ' 


f C 4 


BC ' 


C 


A 


CA 


C 


f A 4 


' CA ' 


A 


B 


AB 


A ' 


f 5 4 


AB 



Pi 



P2 = 



P3 

where we assume that Pi P2 ^ P3- Consider some examples. 



(10.2) 
(10.3) 
(10.4) 
(10.5) 



10.1 The trefoil knot universe 

Let us consider the following solution of the system (10.2)-(10.5) 

A = [2 + cos(3f)]cos(2i), (10.6) 
B = [2 + cos(3i)]sin(2i), (10.7) 
C = sin(3i) (10.8) 

and the corresponding expressions for p and p. L . The solution (10.6)-(10.8) is the parametric 
equation of the trefoil knot. For that reason the corresponding universe we call the trefoil knot 
universe. 



10.2 The figure-eight knot universe 

Our second example is given by the following solution of the system (10.2)-(10.5) 

A = [2 + cos(2i)]cos(3i), (10.9) 
B = [2 + cos(2i)]sin(3t), (10.10) 
C = sin(4<). (10.11) 

and the corresponding expressions for p and pi. For this solution the corresponding universe we call 
the figure-eight knot universe as the solution (10.9)-(10.11) is nothing but the parametric equation 
of the figure-eight knot (see also Refs. [4l5]-|44|). 
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11 Appendix J: Some generalizations of F(T) gravity 

In this section we present 3 generalizations of the Friedmann equations of F(T) gravity. Recall 
that the modified Friedmann equations of the loop quantum cosmology (LQC) read as 

3H 2 = 8nGp (l-y^J, (11.1) 
H = -AwG{p + p)(l-^), (11.2) 



11.1 The M 35 - model 

The M 35 - model is the given by 



Pc 

p = -3H(p + p). (11.3) 



3H 2 = 87tG/h/i-^, (11.4) 

V Pc 

h _ 4nG(p + p) /_ 3p 



1 _ 2p V Pc 



(11.5) 

3H(p + p). (11.6) 



11.2 The M 36 - model 

For the FRW metric the equations of the M 36 - model read as 



3ff2 = ^ G H l -fs l -t-i> (1L7) 

£T = -8irG(p + p)ll ^L— ) , (11.8) 

p = -3H(p + p). (11.9) 



In the case 2p < p c we have ^Jl — p w 1 — ^- so that the previous two systems (11.4)-(11.6) and 
(11.7)-(11.9) tranforms to the usual system of equations of LQC (11.1)-(11.3). 

11.3 The M 37 - model 

Let us consider the M37 - model. Its action is 

S = J d 4 xe[F{R,T) + L m ], (11.10) 

where R is the "curvature" scalar and T is the "torsion" scalar. For simplicity in this paper we 
work in such FRW spacetime in which R and T are given by 

R = u + 6(H + 2H 2 ), (11.11) 
T = v-6H 2 , (11-12) 

where in general u = u(t,a,a,a,'a , ...; /j) and v = v(t,a,a,a,'a , ...;gi) are some real functions, 
H = (lna)t, fi and gi are some unknown functions related with the geometry of the spacetime. 
Here we restrict ourselves to the case when u = u(a, a) and v = v(a, a). Then the FRW equations 
of the M37 - model look like 

D 2 F RR + D 1 F R + JF RT + E 1 F T + KF = -a 3 p, (11.13) 
U + C 2 F RRT + C 1 F RTT + CoF RT + MF = -3a 2 p, (11.14) 

p-3H(p + p) = 0, (11.15) 
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where 
Here 



U = A 3 F RRR + A 2 F RR + A\F R + B 2 F TT + B Y F T . (11.16) 

D 2 = -6Ra 2 a, (11-17) 

Dx = -6aa 2 + a 3 Uaa-a 3 (u- R), (11.18) 

J = -6a 2 dT, (11.19) 

£i = -6ad 2 + a 3 t>,id-a 3 (w-T), (11.20) 

X = -a 3 (11.21) 



and 



A 3 = -~6R 2 a 2 , (11.22) 

A 2 = -6Ra 2 - 12Raa + a 3 Ru d , (11.23) 

Ai = -6a 2 - 12ad + 3a 2 aua + a 3 ?i d - 3a 2 (u - R) - a 3 u a , (11.24) 

B 2 = -YITaa + a 3 Tw d , (11.25) 

Si = -6d 2 - 12ad + 3a 2 av d + a 3 i> d - 3a 2 (v - T) - a 3 v a , (11.26) 

C* 2 = -l2a 2 RT, (11.27) 

Ci = -6a 2 T 2 , (11.28) 

C = -127?ad-12Tad-6a 2 f + a 3 Rva + a 3 fu d , (11.29) 

M = -3a 2 . (11.30) 

The system (11.13)-(11.15) admit two important reductions. Let us now present these particular 
cases. 

a) Case: F = F(T), u = v = 0. Then the system (11.13)-(11.15) becomes 

ExFt + KF = -a 3 p, (11.31) 

B 2 F T t + B 1 F t + MF = -3a 2 p, (11.32) 

p-3H(p + p) = 0. (11.33) 

This system we can rewrite as 

-2TF T + F = p, (11.34) 

—SHTFtt + 2(T — 2H)Ft — F = p, (11.35) 

p-3H(p + p) = (11.36) 

that is nothing but the system of F(T) gravity. 

b) Case: F — F(R), u = v = 0. Second reduction we get if consider the case when F = 
F(R), u = v = 0. Then the system (11.13)-(11.15) reads as 

D^rr + D^Fr + KF = -a 3 Pl (11.37) 

A 3 F RRR + A 2 F RR + A^Fr + MF = -3a 2 p, (11.38) 

p-3H(p + p) = 0, (11.39) 



where 



A 3 = ~6R 2 a 2 , (11.40) 

A 2 = -ma 2 - 12Raa, (H-41) 

A x = -6d 2 - 12ad + 3a 2 i?, (11.42) 

D 2 = -6Ra 2 a, (11.43) 

L>i = -6ad 2 + a 3 i?, (11.44) 

K = -a 3 . (11.45) 
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This system can be written as 

6RHF RR -(R-6H 2 )F R + F = p, (11.46) 

—2R 2 F RRR + [-ARH - 2R]F RR + [-2H 2 — 4a _1 a + R]F R — F = p, (11.47) 

p-3H(p + p) = 0. (11.48) 

It is nothing but the system of equations of F(R) gravity. So we have shown that our model 
contents F(R) and F(T) gravity models as particular cases. In this sense the M37 - model is the 
generalization of these two known modified gravity theories. 
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